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Abstract-Classical dynamical principles are applied to a detailed inertial mode1 of the 
human physique for the derivation of differential equations of motion governing the stride 
action in human walking. Functions characterizing the gait style which require specification 
to complete the formulation are discussed, as are the ground contact conditions which limit 
the considered action. The solution for the forward motion in a gait of particular style is 
determined. This is applied to the athletic event of race-walking to predict the maximum 
walking speed attainable in certain circumstances. 
1. INTRODUCTION 
The study of the mechanics of animal locomotion is of interest to a number of disciplines. 
To the applied mathematician it constitutes a relatively unexplored and not well understood 
problem in the dynamics of articulated rigid bodies with constrained input controls. The 
medical engineer is concerned with the topic because of its relevance to the determination of 
limb and joint forces and motions in human gait. These are important considerations in the 
design and function of prostheses and in the diagnosis of, and monitoring of treatment for, 
orthopedic disabilities. Recently paleontologists have attempted to deduce, using mathe- 
matical methods, the morphology and locomotory characteristics of extinct animals known 
by their fossilized remains. Athletics is another activity in which locomotion is involved and, 
rather surprisingly perhaps, there has been collaboration between athletics coaches and 
mathematicians in attempts to determine the theoretical optimum performance in certain 
events. 
Human walking is perhaps the simplest gait and an obvious topic for study. The few 
previous theoretical investigations that have considered this problem have employed two 
main approaches. One involves the use of mechanical energy principles and attempts to relate 
these to the matabolic energy expended in the motion. The other applies Newtonian 
dynamical equations to simple inertial models of jointed rigid bodies and seeks to determine 
the motion of the components in the action. Alexander[l] uses both approaches. His inertial 
model is an inverted simple pendulum in which the whole body mass is regarded as being 
concentrated in a single particle. Maillardet[2] investigates the in-stride motion of the 
swinging (i.e. non-weight-bearing) leg, by using the model of jointed compound pendula. 
Alexander’s inertia1 model is used by Trowbridge and Paish[3] in a study of race walking 
mechanics. An objective of this is the determination of the theoretical maximum speed which 
a race walker can attain before dynamical effects cause “lifting” of the supporting foot. When 
this occurs both feet are simultaneously out of contact with the ground and, according to 
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current athletics definitions the athlete is considered to be running, an action which is illegal 
in racewalking events. Terrestrial human locomotion has also been studied by Cotton[4] and 
by Reynolds[S] who propose inertial models which are more comprehensive than those 
previously employed. 
Apart from any reservations concerning the suitability of the inertial models of the 
anatomy employed, a number of theoretical points arise regarding the above treatments. 
None properly consider the three-dimensional nature of the action. In some instances, 
dynamical equations are incorrectly formulated relative to non-inertial reference axes. Some 
cansider limbs to be freely jointed and ignore the effects that muscle control and anatomically 
limited joint movement have on the motion. In Maillardet’s investigation this leads to 
unacceptably large knee hyperextension. Small stride angle approximations are also em- 
ployed, either explicitly for the integration of differential equations, or less obviously 
elsewhere in analyses. This approximation, and the highly simplified model, account for the 
considerable underestimate of the maximum attainable race walking speed obtained by 
Trowbridge and Paish. 
It is clear from the preceding discussion that the development of a general dynamical 
theory of gait is of interest. This has not been attempted previously. In this paper, for a 
comprehensive inertial model, mathematically correct three-dimensional equations of motion 
for the stride in human walking are derived. Functions characterizing the gait style which 
require specification to complete the formulation are discussed, as are ground contact 
conditions which limit the considered action. The equations are used to determine the forward 
motion in a gait of particular style. This solution is applied to the race walking problem and 
predictions are obtained for the maximum speed attainable in certain conditions. 
2. CHARACTERISTICS OF HUMAN WALKING GAIT 
In normal walking gait over level ground the body is carried vertically and during the stride 
the last contact of the free leg with the ground is through the ball of the foot with this slightly 
extended. The free leg enters the swing phase in this position. To accommodate the foot 
extension the knee flexes and straightens as the leg reaches the leading position prior to heel 
strike. Consequently, the geometry of the legs varies slightly throughout the stride. During 
walking the hips and upper body move along trajtctories which are composed of a series of 
rising and falling arcs which have a single maximum in each stride swing. With the 
weight-bearing leg held perfectly stiff this occurs when the weight-bearing hip is vertically 
above the supporting foot [6]. The normal human gait is very close to this idealized “stiff’ 
walk[7]. In normal gait slight pelvic rocking may occur so that the line joining the hip locating 
acetabulae is inclined at a small angle to the horizontal plane with the supporting hip at the 
higher level. The foot extension and knee flexure noted above accommodate the movement. 
The arms swing to balance the angular momentum associated with the rotation of the legs. 
This tends to be antiphase to the stride. For fast walking, and in particular in competitive 
racing, maximum speed attainable without loss of ground contact is increased by the adoption 
of a gait in which the pelvis rotates about a vertical axis. As a result the hips are successively 
thrust forward in the direction of travel. This flattens the trajectories of the pelvic center and 
upper body and so reduces the vertical accelerations[S]. Generation of this hip displacement 
requires vigorous sympathetic swing of the arms, shoulders and upper torso. 
3. THE INERTIAL MODEL 
In modelling the walking action the inertial properties of the legs and the in-stride 
hip-ground contact distance are not substantially affected by moderate in-stride knee flexions 
and foot extensions. Also, due to their bilateral positioning and the phases of their movements 
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in normal gait, the contribution of the angular velocities of arms, shoulders, and upper torso 
to the angular momentum of the system is principally to the vertical component. Con- 
sequently, and because of considerations given in Sec. 2, a model is adopted in which the legs 
are idealized as quasi-linear, non-uniform, inertial elements of length I moveably jointed to 
the pelvis at the acetabulae A,, A,. The spacing between A,, A, is denoted by 2h. The feet 
are treated as blocks with curved undersurfaces. The total mass of a leg is m, and the distance 
of its mass center G from the foot is Al. The radius of gyration about the mass center is al. 
The pelvis and lower torso are represented by a particle of mass mp located at the midpoint 
P of ALA, while mh denotes the mass of the upper torso, neck, head and arms, the mass center 
B of which is located at a distance b vertically above P. The moment of inertia of these body 
parts about the vertical axis through B is denoted by Zb. Due to the changing configuration 
of the arms Zb strictly has a component which varies throughout the stride swing. To avoid 
excessive complication in the model, as a consequence of considerations mentioned above, 
the contribution to the system angular momentum from the rotations of arms, upper torso, 
Fig. 1. The inertial model of human stride dynamics. 
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etc., is included by the addition of a term of magnitude VZ, to its vertical component, where 
3 is a rotation rate characterizing their motion about the vertical axis through B. y could be 
interpreted as the angle, measured positive clockwise when viewed vertically downwards, 
which the line joining the mass center of the arms makes with the direction of travel. The 
dynamical elements in this model are shown in Fig. 1. 
REFERENCE COORDINATES 
In normal walking conditions both lifting and slipping of the weight bearing foot are 
absent. In this case the point of contact between foot and ground is a suitable choice for the 
origin 0 of a basic inertial reference frame for the specification of in-stride configuration of 
limb and body elements. Right-handed Cartesian axes Oxyz are chosen in which Ox lies in 
b 
Fig. 2. Coordinate systems and orientation angles specifying the in-stride configuration. 
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the direction of travel and Oy is vertically upwards. To specify the configuration, further, 
non-inertial, reference frames A,x'y ‘z’, ARx”y”z” are introduced whose axes are parallel to 
Oxyz. Preliminary calculations indicate that lateral pelvic tilting, which normally does not 
exceed a few degrees, contributes about 1% to the total vertical accelerations of pelvic and 
upper torso masses, with similar minimal effects on the ground contact reaction. Con- 
sequently, to avoid excessive complication in the model, this lateral tilting is neglected and 
it is assumed that any pelvic movement occurs in a plane parallel to the Oxz plane. Then 
the geometry is described in terms of the modified Eulerian angles 8, 4, I], II/ relative to these 
axes and the polar angle c1 which ALA, makes with A,z’ or A,z”. The coordinate axes and 
configuration angles are defined in Fig. 2 for the case when the left leg is weight-bearing; when 
the right leg supports, the geometry in a mirror image configuration is obtained from this 
by interchanging designations A,, A, and reversing the directions of the z, z’, and z” axes. 
The positional coordinates and equations of motion in this case are readily obtained by 
making the replacements rr - 8, rc - q, 7t - u, for 8, ye and CI in the following equations. Notice 
that when the legs lie in vertical planes parallel to the direction of travel 8 = 7r/2, rl = 7c/2. 
5. THE EQUATIONS OF MOTION 
In formulating the equations of motion the system is regarded as being composed of an 
assembly of particles, sub-groups of which comprise the rigid elements in the inertial model. 
The vectors of linear momentum, L, and angular momentum about 0, H, of the system are 
L = c qsm, 
H = 1 (ri x v,)dm,, (2) 
where 6m, is the mass of the ith constituent particle in the system and ri, vi are its position 
and velocity relative to 0. The summation is taken over all the particles in the system. For 
the mechanical system shown in Fig. 1 in the configuration specified by the angular 
coordinates defined in Fig. 2, the linear momentum calculated according to (1) is 
where 
L = lQKL, 
is the five element row vector of angular rotation rates, and 
KL’ 
(m + m') 
cos 8 sin 4 
(m + m’) 
(m fin’) 
cos 8 cos 4 - (m ‘2 m’) sin e 
2 
sinecosf$ -(m im’)sinLisin$ 0 
h h 
m-cosu 
(ml-m’) 
- m - sin c1 
2 
cosrj sin* -(m -2m”cos?j cos$-(‘im’)sin, 
(m -m’) 
sin v cos * (m - m’) sin vl sin ti 
0 
2 
2 
(3) 
(4) 
(5) 
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is the 5 x 3 matrix of linear momentum coefficients. The elements of KL are 
configuration-variable and depend on the walkers build through their dependence on the 
geometrical ratio h/l and the mass groups 
m =m,+m,+2m,, (a) 
m’=m,+m,+2;lm,, (b) 1 
(6) 
of which m is the total mass of the walker. 
Similarly the angular momentum of the system about 0 calculated as prescribed by (2) is 
H = 12QKA - I$‘, (7) 
where, following from the discussion in Sec. 3, the term -I$, with 
f = (0, $7 O), (8) 
is included to allow for the swing of the arms, shoulders, etc. In (7) KA is a 5 x 3 matrix of 
angular momentum coefficients with elements 
K~,=-m*cos+m~cosOcos~coscr-mb~ 
x (sin 8 sin q cos * - cos 8 cos q cos @), 
sine+(m-m’) 
2 
Pa) 
K$=sin8sin4 m*cosB+m;sina+ 
i 
(m -m’)cosq 2 3 
K$ = sin c1 -m~sinBcos$-m,~+(m-mf)~sin~cos~ 
(9b) 
(9c) 
(m -m’) 
K;12=m*sin~+m~(sin0sina+costlsin~cosa)+ 2 
x (cosq c0se sin4 +sin8 sinq sin+), 
Kt2=sin0cos4 m*cosB+mrcosr+ 
(m -m’)cosrl 2 7 
K$‘2=(m+2mJ~+m~(sinHsin~sinor+cosBcosa)+(m-m’)~ 
x (cos tl cos q + sin c1 sin q sin $), 
Kf2 = fi sin 9 + (m~m’)jcosnsin~(cosB++rcosa)+sin~ 
2h 
sin 8 sin f$ + - sin cf 
I 
, 
(9f) 
(9g) 
CW 
(99 
A dynamic model for the stride in human walking 
K$=sinqcos$ 1cosq+(m~m’)(cos6+~cosa)~, 
i 
K$=cosO m4cos4sina--mb;sin4+ 
r 
(m-m’) - 
2 sin rj sin 4 + rj , 
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K$ = sin 8 
i 
(m -ml) 
-m*sin0-m~sin~sin2-m~~cos~+ 2 sin rj cos C$ + $ (91) 
(9m) 
(9n) 
(90) 
which, like KL, is also configuration-variable and depends on the walker’s build because of 
Kf3 = cos a 
i 
-m:sinBcos4-m,F+(m-m’);sinrjcos* , 
I 
KA =(m -m’) 
i 
- 2h 
43 2 
cosv] sinesin4+*---cos$sinu , 
I I 
Kt3 = sinq m sinq - 
(m -m’) ~ 2h 
2 sin e cos 4 + * - - sin * sin a 
I 
, 
its dependence on m, m’, and h/l; and also because it involves the additional geometrical ratio 
b/l and the mass groups 
m*=m,+mb+(l +~*+~*)m(, (a) 
’ tG = ((1 - A)’ + a*}m,, ( = m* - m’). (b) 
(10) 
The total external force 
F=zF (11) 
and resultant moment about 0 
G=xqxF, 
I 
of the external (gravity) forces are 
(12) 
F = (RI, R2 - w, RJ, (13) 
G = (6 0, G,), (14) 
where R,, R,, R, are the components in the x, y, z directions of the (unknown) reaction at 0 
on the supporting foot, and 
h 
cose+m-cosa + 
1 
Cm -m’)cosv 
2 
(154 
(15b) 
Notice that in the absence of ground friction couples the component of G along the Oy axis 
is zero. 
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The general equations of motion of the system are obtained by using the expressions for 
L, H, F, G derived above in the fundamental dynamical equations 
F=ii, G=fi. (16) 
The resulting equations are valid for actions where there is no linear motion of the supporting 
foot relative to the ground. 
For this condition to prevail R,, R,, R, must satisfy the conditions 
R, > 0, (174 
R:+R:<F:, (17b) 
where F, is the maximum allowable horizontal component of the contact reaction. For hard 
dry surfaces 
F, = P& (18) 
where p is the coefficient of friction between foot and ground. On soft and muddy terrain 
F, is determined by the foot contact area and the rheological properties of the ground surface. 
In this case F, can be increased by ridge-soled or studded footwear. 
Relation (17a) is an essential mechanical/dynamical requirement for the continued contact 
of the supporting foot with the ground during this stride. The limiting form 
R, = 0 (19) 
of this relation defines an upper bound to the speed which it is possible to attain in a walking 
gait. This might be termed the “lift-off’ limited walking speed. According to current athletics 
definitions, gaits which violate (17a) or (19), are deemed to be “running” and consequently 
are illegal in racewalking events. 
Because of the unwieldy form of the matrices KL, KA, particularly KA, the general equations 
of motion are somewhat unmanageable. However, it is clear that in conventional walking 
styles the lateral deviations 
t=e-71 
2’ 
6=V+ 
of the legs from the vertical are sufficiently small for the approximations 
sin c N 6, cos t = 1, 
sin6 -6, cosb N 1, 
(21a) 
(21b) 
to describe satisfactorily the configuration. The equations of motion for such gaits are 
presented here. Notice that no restrictions are introduced regarding the magnitudes of the 
forward stride angles 4, $ or the pelvic rotation u. 
By using approximations (21a, b) and neglecting squares and products, and higher order 
terms oft, 6, i, and 6, it is found that for this case (3), (4), (5) (7), and (9) for the linear 
and angular momentum reduce to 
L = fwkL, 
H = /*okA - I$, (23) 
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where 
kL .= 
0 = (i, $4 6 4 $1, 
0 0 
(m +m’)cos~ _(m ~m’)sin~ 
2 
h 
m-cosa 
1 
0 
0 0 
(m -mYcosi (m - m’) 2 2 sin 9 
and kA is the 5 x 3 matrix with elements 
b (m-m’) 
kt,= -m*cos&m,I+ 2 cos ICI, 
m’c-m;cosa+ 
Cm -m’16 
2 , 
k:, = sin a -rn;cOS4 -m,F+(m -m’);cos$ , 
1 
k<,=sin$ Ab+(m-2m’)(r-~cosa)], 
{ 
k$=m*sin4 +misina + 2 Cm -m’lsin+ , 
m*r-mmcosa+ 2 
Cm -m’16 
, 
(m + m’) 
2 
0 
h 
- m - sin a 
1 
_(m -m’) 
2 
0 
(24) 
(25) I 
(264 
Wb) 
(26~) 
(264 
WI 
Wg) 
k&=3 m(sin~sina-ccosa)+(m-m’)(sin~sina-Scosa)+~(m+2m,) 
r 
, Wh) 
(26i) 
(260 
k;4, = 0, (2W 
(m-m’) ~ 
kg=-m*-m:sin4sina-m,qcos4+ 2 cos 4 + ti, (261) 
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k&=;cosu -mcos~ --m,;+(m -mf)cos$ 
kf, = 0, 
(264 
W-d 
(260) 
Similarly, the non-zero components of the moment reduce to 
G, = -gl 
(m+m’) h 
2 6-m-cosa+ 
1 
(274 
+ m’) sin 4 + m h sin u + (m - m’) sin * . 
I 2 
Vb) 
In the derivation of the equations of motion the use of subscript notation ,and summation 
conventions is convenient and in this connection the row vector 
of configuration angles is introduced. Then the scalar equations of motion are 
where 
F, = 1(&k; + w,w&,), A 
G, = l’(tiikf + o~o,D$~) - (ZbPj) 
Because of the form of the matrices k’ and k *, D& and D$ have the properties 
D&=0 ifp, 
D&=0 i#P, @lb) 
and consequently (29) can be written as 
where 
Gj = l’(&;ki + wfE$) - (ZJj), 
(29) 
(30) 
Wa) 
(324 
(32b) 
(334 
Wb) 
(334 
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In matrix notation the equations of motion are 
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F = l&k= + m2EL), 
. 
- 
(344 
where 
G = f*(chk/, + dEA) - (ZJ) (34b) 
0 = (E, $5, ii, 8, ?q, (354 
co2 = (2, ip, i* ) R, li” ), Wb) 
and 
EL = (E;) = 
EA = (E;), 
the elements of EA being 
E;: = 0, 
0 
- cm +wsin+ 
-rn”fin, 
1 
_ (m - $0 sin $ 
2 
0 
cm +qos4 
2 
0 
2 
- 
0 
0 
h 
m-cosu , 
I 
0 
0 
m*c-+osu+ Cm -m’16 2 , 
E;: = cos u -mpcos, -m,~+(rn -*~,;cos* 
Ef, = 0, 
E;: = cos t,b t% + 
E& = 0, 
E&=sin+ map--m~cos~+ 2 
i 
Cm -m’j6 
, 
E$=~{m(sin$cosa+~sina)+(m-m’)(sin$cosa+6sinI)), 
E$ = 0, 
Et2 = sin (I/ A? + (m;m’)(C --yLos,)~, 
(36) 
(37) 
(38a) 
(38b) 
(384 
(38d) 
(38e) 
(38f) 
(38g) 
(38h) 
(38i) 
(38j) 
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E& = 0, 
(m-m’) - 
E:,=-rn:cosdsina+rnbtsin4- 2 sin 4 + *, 
WW 
(381) 
mcos4+mb;-(m-m’)cos+ 
1 
, WW 
E& = 0, W-4 
EA =(m-m’) 53 2 
sin~+~cocosi,$ since 
I (380) 
This completes the derivation of the equations of motion. In the absence of ground friction 
couples the explicit evaluation of the term 
in (34) with variable Zb is not required since Z’z = ;/ is the only non-zero component of p 
and in this case the equation of angular motion about the Oy axis has the exact first integral 
H2 = C. (39) 
The constant C is determined from initial conditions prescribed for the action. This result 
applies irrespective of whether the small lateral deviation approximations are employed. The 
presence of i2, s2 in (35b) is not inconsistent with the approximation, used in the derivation 
of (19F(24), that the squares and products of the small quantities c, 6, i, 6 are negligible. 
This is because in the matrix products &EL, w2EA terms involving k*, 8’ only occur with 
zero coefficients. 
The equations of motion form a system of six coupled ordinary differential equations 
which are linear in the angular accelerations, quadratic in the rotation rates, and have 
configuration-variable coefficients. For a given configuration solution the three equations of 
rectilinear motion determine the components R,, R,, R, of ground reaction required to 
support the stride action. With regard to the configuration solution, the five configuration 
angles L, 4, CL, 6, Ic/ and the arm/shoulder swing-rate i are involved in the three equations of 
angular motion. Consequently dynamical considerations alone are insufficient for their 
determination. In this respect gait motion differs from classical dynamics problems involving 
inanimate systems, for example elastically coupled oscillators; multiple pendula. In these the 
interaction is purely mechanical and by using well-known techniques (e.g. Lagrange’s 
equations) as many equations of motion may be formulated as there are configuration 
coordinates. In walking, as in other modes of animal locomotion, the individual’s motor 
nervous system initiates muscular contractions which do work on the mechanical components 
of the anatomy. In this way a desired gait and stride length are adopted. Of course these must 
be compatible with restrictions on joint mobility. Mechanical effects determine the action to 
the extent that it must satisfy the equations of motion and comply with constraints on the 
ground contact reactions. 
6. RELATIONS CHARACTERIZING THE GAIT STYLE 
In inertial models for gait involving n configuration coordinates an additional n - 3 
relations are required to complete the formulation of the system of equations. Because of the 
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operation of the subject’s nervous/muscular system in the gait process it is expected that some 
or all of these relations could take the form of feedback/control equations. The only 
quantities controllable by the subject are the relative orientations of the body parts. These 
would be adjusted according to the action required and to the position of the body parts in 
relation to the surrounding environment. Consequently, the control equations would connect 
relative orientation variables with “external” configuration angles such as those employed 
above. However, relative orientation variables are expressible in terms of the external 
configuration angles by geometrical relations. The control equations for human walking are 
not known and it is not the purpose of the present paper to speculate on their nature. 
In the absence of knowledge of the control equations for the process observational data 
describing the gait-style are introduced. The use of such information is likely to be required 
for the formulation of the system control equations. One approach to its employment is to 
decompose the inertial model into its constituents and to specify n - 3 variable interaction 
couples exerted at the joints by the muscles. These would be determined from experimentally 
measured muscle tensions and knowledge of the joint geometry. Then the simultaneous 
solution of the coupled set of differential equations of motion of the individual components 
would be required. This procedure appears complicated. A simpler but meaningful way of 
describing gait-style, applicable to the present study, is to use the property that, in a stable 
periodic gait, on alternate strides various configuration angles are functionally related. The 
form of these relations depends on the gait-style. Then n - 3 “free” coordinates are specified 
as experimentally determined functions of the remaining coordinates which are dynamically 
determined. Studies of simple systems alternatively with known control relations or with 
compatible functional relations confirm that the two approaches yield identical results for the 
temporal response of the system. 
In the present model n = 6 and so 3 such gait style functions are needed. There are 20 
mathematically possible ways in which the triplet of free variables may be chosen. Because 
the walker appears to have full control over the style of free leg movement and because pelvic 
rotation appears to be voluntary, requiring vigorous arm-swing for its generation, the choice 
of (6, $, IX> as free variables appears appropriate. Then (6, I,+, ~1) can be taken to be related 
to (e,4, y) by relations of the form 
where 9-,, Pti, 9% are prescribed functions which characterize the particular gait style. The 
representation is not unique because L, 4, y are all related in time from the dynamical solution 
and all the free variables could be specified by gait functions involving a single dynamical 
variable. For example, if $ is this variable then gait-style relations for 6, c1 would be 
(40)’ 
With the representation in (40a-c) the specification of 6,8; I+!J, 4; and LY, c? at the beginning 
of the stride determines through (40a<), and their total time derivatives, associated values 
of E, i; 4,d; and y, ?j. These provide sufficient initial conditions for the solution of the 
well-posed system of differential equations resulting from the combination of (34b), (40), or 
(40)‘. There does not appear to be any published data giving particular forms for the gait 
characterizing functions for specific walking styles. Their experimental determination is 
non-trivial and is likely to require rolling walkway and/or cinematographic procedures. 
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In conventional walking the swing of arms, shoulders, and upper body are of the same 
frequency as the stride-rate and the pelvic rotation rate (if any), but of opposite rotational 
sense with respect to the vertical axis. Consequently, for some gait styles 
8, _= cyy + 4 (41) 
where c, and d are constants might give satisfactory representation of the variation of the 
free coordinate CL For the case where pelvic rotation is absent (~1 - 0) cY = 0 and d = 0 and 
y is dynamically determined. Another representation which describes well the above gait 
features and which has some analytical convenience is 
9:($) E sin-’ (c sin 4) (41)’ 
where c is a constant. For gaits without pelvic rotation c = 0. Biomechanical laboratory 
Fig. 3. Schematic graphs of the gait function P@(4) f or various gait styles. (1) Stroll (2) Normal gait (3) Vigorous 
stride (4) Goose-step (5) Marking time (stiff leg). 
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walking trials indicate that, except in bizarre gaits with large free-leg abduction, 6 is small 
throughout the stride-swing and deviates very little from the end of stride value. This suggests 
that a satisfactory approximation is 
.F”,-cg (42) 
where cg < h/l is constant. With regard to Fe, observation of normal human walking shows 
that the weight-bearing leg initially approaches the vertical position rather more rapidly than 
the free leg; this then catches up and both legs pass through the vertical at about the same 
instant. Subsequently the free leg advances faster and the angle it swings through may be 
sufficiently large to require reverse swing prior to heel strike. This feature is prominent in 
some military marching styles, e.g. goose-stepping. In the end of stride double contact 
position with the body symmetrical with respect o the central vertical plane in the direction 
of travel the end of stride values 4,, I,+, of 4, $ satisfy 
1(/s =6 (43) 
Figure 3 shows schematic graphs of functions g,(4) for some walking styles, of given stride 
length, with the above characteristics. It is clear that for moderate gait styles the main features 
of 9-, are reasonably well described by 
where ci is constant. In relaxed walking, where free leg fore lift is small, c+ 4 1 and 
F,(4) = 4. (45) 
The dynamical equations (32a, b), and gait style functions (40) or (40)’ are readily 
transformed into a system of first-order non-linear differential equations which, together with 
specified initial conditions as indicated above, is suitable for numerical solution by the 
Runge-Kutta technique. This has been effected by computational procedures and the results 
for some special gait functions are to be reported elsewhere. 
7. SOLUTION FOR THE FORWARD MOTION IN A PARTICULAR GAIT. 
THE DYNAMICALLY LIMITED MAXIMUM SPEED OF WALKING 
As an example of the application of the dynamical equations, the particular gait modelled 
by the functions 
Sz = sin-’ (c sin f$), (41)’ 
9-IL-c$, (45) 
is considered here. Solutions for the forward motion are obtained and the results are used 
to predict the maximum speed which is attainable before lifting occurs. This gait possesses 
the main features of general, non-bizarre, walking styles. A physical interpretation of the 
chosen form for Fz is that, for c # 0, the component of free hip travel in the direction of 
walking due to pelvic rotation is directly proportional to the advancement of the weight- 
bearing hip in this direction. This is in broad agreement with the action observed in some 
race-walking styles. The case c = 0 gives a walking action with no pelvic rotation. 
For the considered gait the equation of angular motion about the Uz axis ((32b) withj = 3) 
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reduces to 
(464 
(46b) 
For anatomically realistic parameter values, the nondimensional parameter p is such that 
0 < /I < 1. Equation (46a) is seen to be independent of c. The arm swing/upper body rotation 
rate 7 required to sustain the gait and the associated lateral sway LS, for specified free leg 
abduction, are determined from the equations of angular motion about the Oy and Ox axes 
respectively. These depend on the solution for 4(t) and require numerical integration. In the 
present case the solutions for f, t are not needed for the determination of the forward motion 
because (46a) is decoupled from these effects. 
For the integration of (46a) the time scale origin is chosen so that 
5C 
4c 
“s 3c 
a, 
? 
0 
-z ._ 
& 2c 
10 
fj=Oatl=O, (47a) 
A.2 0:4 
I I 
IlO 112 
I 
0 0.6 0.8 r-4 
Non-dimensional bime T 
Fig. 4. Graphs of forward stride angle q5 as a function of ‘T calculated from (48a) for various values of ,b’ for the 
case 4’ = b. 
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with 
(47b) 
denoting the “initial” rate of change of 4. Then 4(t) is given inversely by 
(1 +/?cosd*)d4* 
(48a) 
in which 
(48b) 
For non-zero p, r has an exact analytical representation in terms of logarithmic functions and 
elliptic integrals of the first and third kinds. This has limited utility for the calculation of r 
and is not given here. For /I = 0 the analytical solution for r involves only first-kind elliptic 
.61- 
.5l- 
.21- 
.tl- 
v t0 20 30 
Stride angle 9” 
40 50 
Fig. 5. Graphs of in-stride variation of non-dimensional vertical component of ground contact reaction calculated 
from (49) for various values of ,B for the case & = 1. 
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integrals. For the computation of r a standard numerical integration procedure has been used. 
Figure 4 shows the variation of 4 with r for the values /3 = 0, 0.5, 1 for the case 4; = i 
obtained from this. In this figure the parts of the graphs drawn with continuous lines relate 
to circumstances where R,, the vertical component of support foot reaction, is positive. 
The in-stride variation of R, is determined from the equation of linear motion parallel to 
the Oy axis ((32a) with j = 2). This is independent of pelvic rotation and, for the considered 
gait function g-+ z f$, it gives 
w 
R2(4)= (l+/? cos#J)’ (a’ cos4 4 + 8(3 + /I*) cos3 f#J + 3(1 + /I’) cos* 4 
- [f#$(l + /I)’ + 2 - 2Bl cos 4 - B[&z(l + B)’ + 2 + rc311, (49) 
which is an even function of 4. The variation of R2 with 4 for the values fl = 0, 0.5, 1 for 
the case 4; = i is shown in Fig. 5. 
The walking speed I’ is given by 
L 
V=- 
2t,+ t* 
(50) 
where L is the stride length, t * is the time per stride in the double contact position, and 
4 = t(A) (51) 
is the half-stride swing time. With 4; and 4, prescribed, t, is determined from (48a). By 
considering the geometry in the end of stride double contact configuration it is found, after 
using approximations (21a-b), that 
L = 21 
i 
sin f$,+ f sin a, 
I 
, 
where 
u, = u(t,). t52b) 
Consequently, for the considered gait 
V=(l “~)~(r$+si$-, 
, 
(534 
where 
(53b) 
Alternatively V, c),, CL, may be specified. Then for given /I, t* (48a) and (53a) determine the 
associated value of 4;. In either prescription the values of the specified parameters are 
constrained. The anatomically possible amplitude of joint movement limits $S and ~1,. Also, 
the specified parameter values are restricted by the mechanical conditions (17) on the ground 
contact reaction. 
In considering the dynamically limiting walking speed V,, it is supposed, as discussed in 
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Sec. 5, that lifting of the supporting foot at the end of stride is the limiting condition. Then 
t*+O and for a gait of the considered type, (19) and (49) give 
fl’cos” &+ 8(3 + 82) cos3 & + 3(1 + fl’) cos* & - 28 cos & - /?’ 
= (B + cos &)[&;“,(l + D)’ + 21. (54) 
This is a relation between $S and +A,,, where C& is the particular value of the end of stride 
angle 4, at which end of stride lifting occurs at a given walking speed, and C/J,& is the value 
of c$; associated with 4S and the particular walking speed which gives the considered end of 
stride lifting. To determine the relationship between V,, and $S the value for ~$4,~ given 
by (54) is substituted into (48a) to calculate the associated half-stride time rS,,(JSs, j?). Then 
(55) 
Fig. 6. Graphs of limiting non-dimensional half-stride time zs,$ as a function of the limiting stride angle c$~ calculated 
using (48a) and (54) for various values of /?. 
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where NFRlim, the maximum walking speed Froude number, is defined as 
N Gim ‘%I, =- G’ 
in which 1, is an effective leg length which depends on 
of the walker’s body mass. For the considered gait 
(56) 
the pelvic rotation and the distribution 
(57) 
Graphs of z,,~, and N,,,,, as functions of JS for the values fl = 0, 0.5, 1 are shown in Figs. 
6 and 7. It is seen that T~,~, increases with increasing $S i.e. the limiting stride time is greater 
for longer strides. This behavior was anticipated. Physically it means that for the walker to 
avoid breaking into a run his limiting stride rate must be reduced if his stride is lengthened. 
In Fig. 6 walking conditions defined by points which lie above the appropriate /I curve are 
sub-limiting with respect to the condition on R2. Those associated with points lying below 
the relevant j? curve have R, < 0 and in these conditions running must occur. In Fig. 7 points 
below the appropriate j3 curve are sublimiting and those above violate condition (17a). 
An alternative presentation of the limiting walking speed information, convenient for use 
with data from walkway trials and race-walking athletic events, is to plot NFRlim as a function 
of %& the lifting stride-rate for a given stride length. The stride-rate n, and the half-stride 
‘Limiting’ stride angle 4; 
‘Fig. 7. Graphs of limiting walking speed Froude number NFR,,m as a function of the limiting stride angle c$$ calculated 
using (48a), (54), and (55) for various values of p. 
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time f, are related by 
1 
nS=z 
so that 
1 
?I %UP = 2’s,,, *
For this presentation the non-dimensional parameter 
v, z 2n, - = -- 
is introduced and then 
and 
I I -I-I- 
4 2 3 4 5 6 7 
Non-dimensional Stride Rats QS 
SUP 
(58) 
(59) 
(60) 
(61) 
(62) 
Fig. 8. Graphs of limiting walking speed Froude number NFRllm as a function of the limiting non-dimensional stride 
rate v_ calculated using (48a), (54), and (62) for various values of p. 
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Graphs of NER,.. as a function of vSSUP are shown in Fig. 8. In this, points below the appropriate 
p curve are sub-limiting and those above violate (17a). Figs. 7 and 8 show that the defined 
limiting walking Froude number cannot exceed unity. This value is only approached in a gait 
with extremely rapid steps of short stride length. It is noted that the greatest walking speed 
achievable by a given individual with a particular gait style is not a uniquely defined 
maximum value. It is obtained with the use of the greatest possible stride-rate and hip rotation 
which the walker can develop with the stride length appropriately controlled to avoid lifting. 
If vs,,X denotes this value of vSSUP then the maximum speed Froude number is 
N Wll.SX = vsmx sin d&,,), (63) 
and V,,, is determined from (56) (57) and (63). 
It is seen from Figs. 4-7 that c$(T), R*(4), * r,XJ&) and N,,,,(&J are not strongly dependent 
on p for values in the range (0, 1) particularly for moderate values of $J. Fig. 8 shows that 
NFR,JvSIUP) is virtually independent of j?. Because of this feature a simple closed-form 
analytical solution available for the case /I = 0 is of interest. This is appended. 
To conclude, a numerical example is given for the case of a walker of about average height 
and physical proportions. The required anatomical parameters are listed in Table 1. These 
were derived from anthropometric data tabulated in [8] from the Bioastronautics Data Book 
with the additional assumption that mp = irn, where mT is the neck/torso mass. 
For these physical characteristics the required dynamical parameters are 
m’ 
- = 0.86, 
m 
jI = 0.286, ; = 0.1 
and 
v, = 0.566n, 
where n, is the stride-rate per second. 
For the case of an action in which 
n Smar = 3.4 set-‘*t (204 steps per min) 
is the maximum achievable stride rate then 
V Smax = 1.925 
Table 1. Anatomical proportions of typical male 
Phvsical Characteristic value 
height 
leg length 
acetabular semi-spacing 
elevation of upper-body 
mass center 
leg mass center position 
coefficient 
m,lm 
qlm 
mhlm 
69 inches 
I 36 inches 
h 3.6 inches 
b 17.7 inches 
I 0.6 
0.175 
0.15 
0.5 
TData marked * were supplied by Julian Hopkins, AAA Racewalking National Event Coach. 
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Table 2. Effect of pelvic rotation on walking performance 
Pelvic rotation IX: 
Performance parameter 0 45 60 
Effective leg length I, ft 3.486 4.705 5.00 
Stride length L ft 2.63 3.05 3.15 
Maximum walking speed 
V,,, ft/sec 8.95 10.39 10.72 
and from (48a), (54), (61), and (63) the values 
N FR,_ = 0.845, 
are obtained. The maximum attainable walking speed, V,,, in this case, and the correspond- 
ing values of 1, and L are evaluated for three cases: 
(i) a conventional gait without pelvic rotation, 
(ii) a race-walking gait with pelvic rotation thought to be achievable with normal mobility, 
(iii) a more extreme race-walking style which may require considerable spinal/pelvic supple- 
ness for its execution. The results are given in Table 2. From this it is seen that pelvic 
rotation is significant in the enhancement of performance. The analysis presented here 
provides a detailed dynamical theory for the assessment of its effectiveness. 
In timed track trials the walking speed 13.6* ft/sec is reported as being attained without 
clearly visible lifting by an athlete with 36* inch leg length. Other physical characteristics are 
unspecified. The predicted speeds in Table 2 are much closer to this value than previous 
theoretical estimates of performance. It is clear that the theoretical maximum performance 
depends on both the walkers physical build and the precise gait-style. Another factor, not 
considered here, which may slightly influence maximum performance is in-stride extension 
of the weight-bearing foot. This might create an effectively longer weight-bearing leg and the 
appearance of continued ground contact in the limiting situation of vanishing contact 
reaction. 
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APPENDIX-ANALYTICAL SOLUTION FOR THE CASE /3 = 0 
In the limiting case /I = 0 (46a) and (47) reduce to 
d2+ mg W -=- 
dt2 m'l 
sin 4, with 4 = 0, - = q$,, at t = 0, 
dt 
or alternatively 
d2# 
2- dz 
- sin 4, with 4 = 0, %=4;atr=O, 
and (48a) takes the form 
s 4 Z= W* 0 J&’ + 2(1 - cos 4 *) . 
It follows from (A.2) that 
where 
K=J&jq. 
In (A.3) F(p, 0) is the incomplete elliptic integral of the first kind defined by 
and 
K(p)=F P’; ( > 
is the corresponding complete elliptic integral. 
By manipulation of (A.3) the solution 
4 (z) = 2 sin-’ (d=sd(;,K)), 
for the time variation of the forward stride angle is obtained. In this 
64.1) 
(A. 1)’ 
64.2) 
(A.3) 
(A.4) 
(A.9 
c4.6) 
(A.7) 
G4.8) 
where sn(u,p), dn(u,p) are Jacobian elliptic functions of argument u and modulus p defined 
bv 
” sn -‘(u, p) = s dx 0 ~V&,/i-qV’ (A.9) 
dn2(u, p) = 1 - i2sn2(u, p). 
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In this limiting case $J is seen to vary in the same manner as the inclination from the upward 
vertical as a compound pendulum of length lm’/m moving in a vertical circle. The solution 
given by (A.7) differs from Milne-Thompson’s[9] solution for the compound pendulum 
because different definitions are adopted for the angular coordinate and the initial conditions. 
For fi = 0 the end of stride “lift-off’ condition, (54) gives 
&&=3cosq$-2, (A.lO) 
and the associated value R of JC is 
2 
i-J&+ 
3 -. 
2 S 
(A.ll) 
This result is used in (A.3) to give 
Then the combination of (55) and (A.12) gives 
It is noticed from (A. 11) that as &+cos-’ (2/3) ( N 48.19”), rZ + 1. Consequently it follows from 
(A. 12) and (A. 13) that rS,,,+ co, NFRllm +O as &S+coss’ (2/3). It may also be deduced from 
(A. 13) that ljm NFR,,, = 1, as is evident from inspection of Fig. 7. 
r+ 
